The oblique impact of a liquid droplet onto a deep liquid pool is studied numerically with the adaptive volume-of-fluid solver Basilisk. The splashing threshold, cavity formation, cavity evolution and the maximum cavity dimensions are quantified as a function of the Weber number and the impact angle. We compare the numerical results with recent experimental work by Gielen et al.
I. INTRODUCTION
The impact of a liquid droplet onto a deep liquid pool induces a broad range of fascinating physical phenomena [1] . Droplets impacting with a low velocity coalesce with the pool directly or undergoes a coalescence cascade [2] [3] [4] [5] [6] . Higher impact velocities induce the ejection of a sheet above the pool surface [7] [8] [9] , which upon breakup could result in a splash [10] [11] [12] [13] [14] . During impact a cavity develops below the pool surface [15] [16] [17] . The collapse of this cavity [18] [19] [20] in combination with capillary wave dynamics can result in bubble entrapment [21] [22] [23] , the formation of a fast microjet [24, 25] and a Worthington jet [26] .
The vast majority of droplet impact studies in the literature have considered perpendicular impacts. However, in many practical situations droplets do not impact perpendicularly but under an angle, i.e. obliquely. Examples range from rain impact in nature [27, 28] to impact on turbine blades [29] , tin catching devices in extreme ultraviolet lithography machines [30] and spray cooling [31] in industry. Precise control of the impact behaviour is key to optimizing these industrial applications in order to prevent damage or contamination.
Recently, the regimes of oblique droplet impact onto deep liquid pools [13, 32, 33] , moving films [34, 35] and inclined surfaces [36, 37] have been studied experimentally. Furthermore, over the past decades there has been extensive research into analytic modeling of oblique high-velocity impacts onto a inviscid liquid pool [38] . Although these analytic methods allow for a thorough understanding of the early time evolution of e.g. the ejecta sheet [39] [40] [41] [42] , numerical studies are required to capture the full impact dynamics.
Most numerical studies so far focused on droplet impact on thin liquid films [43] [44] [45] [46] , wet walls [47] [48] [49] , perpendicular impact onto deep liquid pools [11, [50] [51] [52] or bubble entrainment by impacting droplets [11, 21, 53] . Ray et al. [54] numerically studied the coalescence and splashing regimes for droplets impacting a deep and shallow liquid pool under an impingement angle. As these authors performed two-dimensional simulations, they were only able to capture basic impact features.
In this work we present a three-dimensional (3D) numerical study of oblique droplet impact onto a deep liquid pool using the open-source volume-of-fluid solver Basilisk [55] . The numerical results are compared to recent experimental results by Gielen et al. [13] and show that the method is able to capture the impact dynamics with excellent accuracy. Details of the numerical setup are provided in section II. In section III the simulation results are discussed and compared with the experimental results. In section IV we discuss and conclude this work.
II. NUMERICAL SETUP
To solve the 3D incompressible Navier-Stokes equations together with the Volume of Fluid (VOF) method to support two-phase flow, we employ the parallelized octree-adaptive numerical method Basilisk [55] . Basilisk is the successor of the Gerris flow solver and has been extensively validated on problems regarding two-phase complex flows [ [56] [57] [58] . The momentum and VOF equations solved are
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where u is the velocity field, ρ the density, p the pressure, µ the viscosity, a optional body forces, σ the surface tension, κ the surface curvature, δ s a delta function on the interface between two fluids, n the surface normal vector on this interface and f the volume fraction field used in the VOF method. The fluid equations (1, 2) are solved by a finite volume method over an adaptive Eulerian grid with the Bell-Colella-Glaz second-order accurate advection scheme [59, 60] . The volume fraction field (3) is solved by a piecewise-linear geometrical scheme by Scardovelli and Zaleski [61] together with a continuum surface force model for the surface tension in (2) [56, 62] .
A sketch of the numerical setup is given in figure 1 . A spherical liquid droplet with diameter D and density ρ liq falls with a velocity U under an angle α through air with density ρ air towards a liquid pool with density ρ liq . We define the leading side as the right-and trailing side as the left-hand side of the droplet. The pool depth is 8D, the cubic simulation domain edges are 12D and the initial distance from the droplet to the pool is 0.1D. The density and viscosity ratio between the liquid and gas phase in the simulation are ρ liq /ρ air = 1000, µ liq /µ air = 100, respectively. To ensure stability of the simulation the Courant-Friedrichs-Lewy (CFL) condition is set to CFL = 0.05 [55] . Figure  1 The grid is refined adaptively using the wavelet adaptation method, which is a build-in refinement strategy in the Basilisk framework [63, 64] . The maximum refinement level on the grid is bounded to the computational resources and time available, which leads to a maximum refinement level r max = 12 and hence a theoretical maximum grid resolution of 4096 3 or about 10 5 cells per droplet cross section when all volumes are refined. The refinement algorithm is invoked every timestep and refines when the wavelet estimated error exceeds u err = 10 −2 for the velocity field and f err = 5 * 10 −3 for the fraction field. Initially we refine the interface of the droplet to r max while the rest of domain stays at r initial = 6. With these settings a typical simulation of a single impact event from the moment of impact until the cavity closes takes about a month using a modern computer cluster in parallel. During the simulation we set fraction field values lower than 10 −4 to 0 and values higher than (1 − 10 −4 ) to 1. This smoothing reduces noise caused by tiny droplets and bubbles in the simulation that do not affect the overall dynamics but are costly to track. This filtering may alter the dynamics of bubble entrapment, which is not the focus of the present work.
By neglecting the effect of the ambient air, oblique impact of a droplet onto a liquid pool can be characterized by four dimensionless parameters: the Weber number We = ρ liq DU 2 σ , the Reynolds number Re = ρ liq U D µ liq , the Froude number Fr 2 = U 2 gD and the impact angle α, where g is the gravitational acceleration [13] . We are interested in an impact regime where the influence of Froude and Reynolds is negligible (in the experiments used for comparison [13] Fr ∈ [10 2 − 10 3 ] and Re ∈ [600 − 2500]). Hence in the simulations, the gravitational contribution is neglected, the impact velocity is set to U = 1 and the liquid viscosity is set such that the Reynolds number is always equal to Re = 1000. We then explore a simple two-dimensional phase space (We, α). Table I gives a list of the oblique droplet impact simulations performed. We have chosen the simulations parameters (We, α) such that we cover a comprehensive set of splashing phenomena in the phase space. These simulated parameters may therefore not always be a one-to-one match with the experiments performed by [13] . In the analysis of the results it will turn out practical to discriminate between the parallel Weber number We = , where U = U sin(α) and U ⊥ = U cos(α) are the velocity components parallel and perpendicular to the pool surface, respectively.
III. RESULTS
In this section we present our numerical results and we show a qualitative and quantitative comparison to the experiments performed by Gielen et al. [13] . In III A the different types of impact phenomena are discussed and classified. An overview of the early impact dynamics is given in section III B. The splashing threshold of the crown above the pool is systematically studied in section III C. We discuss the cavity formation and evolution as function of time and compare this result to a theoretical model in section III D. Finally, we show the maximum cavity dimensions below the surface, i.e. the maximal cavity depth, maximal cavity displacement and collapse angle as function of Weber number and impact angle in section III E. 
A. Impact phenomena
When a droplet obliquely impacts onto a pool, a cavity forms below the pool surface accompanied by an asymmetric crown above the pool surface. In our simulations we observe three different impact phenomena similar to what has been observed in experiments: deposition, single-sided splashing and omni-directional splashing [13] . Figure 2 shows these three phenomena in both the simulation (top panel) and the experiments (bottom panel).
The first column ( figure 2a and 2d) shows a deposition event for We = 187 and α = 26 • (simulation) and We = 180.5 and α = 28.1 • (experiment). Directly after impact a thin sheet ejects on the leading side of the impact cavity. The impact energy of the droplet is not sufficient for this ejecta sheet to develop into a crown on all sides. Instead the ejecta sheet retracts back towards the pool due to capillary forces without any breakup. We observe excellent qualitative agreement of the simulation with the experiment.
The second column ( figure 2b and 2e) shows a single-sided splash for We = 400 and α = 30 • (simulation) and We = 419 and α = 27.9 • (experiment). Here, the impact energy is large enough for the ejecta sheet to develop several fingers on the leading side of the cavity, which eventually break up into satellite droplets in both the simulation and experiment. The resulting single-sided crown in the simulation compares very well with the overall crown shape of the corresponding experiment.
Finally in the last column ( figure 2c and 2f ) an omni-directional splash is observed for We = 600 and α = 10 • (simulation) and We = 662 and α = 0.6 • (experiment). In this case the impact energy is large enough to induce a crown with satellite droplets all around the cavity in both the simulation and the experiment. Figure 3 shows the comparison of a detailed time series of a single-sided splash impact event in the simulation (We = 400 and α = 30 • , two top panels) and in the experiment (We = 416.5 and α = 28.5 • , bottom panel). In addition, the simulation provides a top view of the impact event. Time increases from left to right, with t/t i = 0 being the moment of first contact between the droplet and the pool, with t i = D/U the inertial time. The simulations show that the droplet pushes liquid away on the trailing side (see top panel of figure 3a ), effectively creating an air layer between the pool surface and the impacting droplet. This air layer marks the start of a cavity forming below the pool surface, as can be observed in the side view (see mid panel in figure 3a ). The deepest point of this initial cavity starts on the left side and ramps up along the edge of the impacting droplet towards the pool surface, see mid and top view. Unfortunately, at this stage the cavity is too small to be captured in the experiments as can be seen in the bottom panel. In the simulations, the impact causes the rise of the ejecta sheet on the leading side (see mid panel in figure 3a) . A similar ejecta sheet is observed in the experiment (bottom panel), but the resolution is too low to clearly distinguish the ejecta sheet from the droplet.
In figure 3b , the ejecta sheet rises further above the surface and fingers appear on the peripheral side of the rim in the simulation. The droplet is now fully submerged in the pool and the cavity has grown to cover the complete impact area, as can be seen from both the side-view and the top-view. In the simulation, the fingers on the ejecta sheet break up and result in satellite droplets, which is clearly visible in the top-view (top-panel). This break up is not clearly visible in the experiment (bottom-panel), but the overall shape of the ejecta sheet is similar to the simulation. Figure 3c shows the start of a capillary wave on the trailing side of the cavity that gradually deforms the cavity into a hemispherical shape at later times, see figure 3d and figure 3e . Above the pool, the satellite droplets have clearly separated from the ejecta sheet in both the simulation and experiment, which is now best described as a single-sided crown. The fingers are retracting back to the rim of the crown. As the crown itself is also retracting, this causes the fingers to move towards the leading side of the crown, which is clearly visible in the top view panels.
In figure 3d the retraction of the crown continues while there is only one large finger remaining on the leading side of the crown, which is observed in both numerics and experiments. Finally, in figure 3e the cavity has reached its maximum expansion. As the remaining finger collapses into the cavity, a capillary wave is triggered. At later times (not shown here) this wave causes fluctuations in the cavity shape.
B. Impact dynamics
In the simulation we have access to the pressure and velocity fields induced in the liquid, which gives a detailed view of the early impact dynamics. Figure 4 shows a cross-section of the velocity magnitude and streamlines during impact at the mirror plane (z = 0) for different times t/t i and angles α at constant W e = 400. In figure 5 we zoom in on the ejecta sheet region on the leading side of the impacting droplet. Figure 4a shows a perpendicular impact event and serves as a reference case for all consecutive oblique impacts. In the first figure of this row, the droplet has not yet fully submerged into the pool and most of the momentum is still concentrated in the impacting droplet. Inside the pool the streamlines show a symmetric velocity field around the point of impact and bend towards the pool surface. We note that there is a small symmetry deviation between the leading and trailing side of the impacting droplet, which is the result of the adaptive grid refinement strategy used in the simulations. An ejecta sheet is formed on both sides of the impacting droplet, which is more clearly visible in figure 5a . The maximum velocity is reached where the ejecta sheet is thinnest. At the edge of the ejecta sheet a cylindrical rim forms due to surface tension forces. At later stages, the droplet fully submerges into the pool and a symmetrically shaped cavity forms. The ejecta sheet keeps rising until it retracts at later stages (not shown). Figure 4b shows an oblique impact event at α = 20 • . The ejecta sheet is no longer symmetric but larger on the leading-side than on the trailing side. Figure 5b shows that the initial velocity magnitude inside the ejecta sheet on the leading side is about 50% higher than the original impact speed of the droplet. Furthermore, the maximum velocity in the ejecta sheet exceeds the one achieved during perpendicular impact, see top row. The second figure in this row shows that a satellite droplet is created and as a result the tip now has an oval shape, also seen in the zoomed figure 5b. Below the pool surface a cavity starts to form, which grows fastest in the direction of the impacting droplet as shown by the streamlines and velocity magnitudes. Interestingly, the far-field velocity streamlines still resemble the far-field streamlines of the perpendicular case.
The dynamics of an impacting droplet at α = 40 • is shown in figure 4c . During impact a small air layer is entrapped between the pool and droplet, which leads to a set of bubbles concentrated on the left side along the interface of the coalescing droplet with the pool. These bubbles have a local effect on the velocity field which is clearly visible in the first figure of 4c. The ejecta sheet on the trailing side is now better described as a liquid bump and carries little momentum. Instead, most of the momentum is concentrated in the ejecta sheet on the leading side where the velocity magnitude is twice of the original impact speed of the droplet. In contrast to the perpendicular case, the ejecta sheet initially grows in the direction along the pool surface but later on deflects upwards, see figure 5c. We note that the evolution and shape of the ejecta sheet in figure 5b and 5c may have a grid dependence, i.e. depends on the grid refinement history. Unfortunately, increasing the maximal grid resolution to r = 13 was not feasible with the computational resources available to us today. The bubbles entrapped in the cavity do not seem to affect the cavity evolution, which similar to previous cases grows faster in the direction of the impacting droplet. Again we note that the far field streamlines resemble those of the perpendicular impact. Finally, in figure 4d we show an impacting droplet at α = 60 • . Similarly to the previous case bubbles appear on the left-hand side of the interface between the impacting droplet and pool. During impact the droplet partly coalesces with the pool but also partly slides along the surface of the pool, as seen in the first figure of 4d. The contour lines of the velocity field confirm this observation, since they form a closely packed layer between the impacting droplet and the pool in which the magnitude and direction rapidly change. The ejecta sheet on the leading side is thicker compared to the previous cases and expands parallel to the surface, as clearly visible in figure 5d . Here, the ejecta sheet does not change direction over time and remains parallel to the surface in all plotted stages. The tip of the sheet eventually falls down onto the pool (see second figure of 5d). The secondary impact of this sheet onto the pool entraps another air layer on the leading side. Furthermore, the coalescence results in a complex wave pattern on the surface as shown by last figure of 5d. The cavity does no longer resemble that of the perpendicular case and even the far-field streamlines (on this scale) start to show asymmetry.
C. Splashing threshold
The three impact phenomena (deposition, single-sided splashing, omni-directional splashing) observed can be quantified in a phase diagram. Figure 6 shows such a splashing phase diagram in terms of the impact parameters We 1/2 Re 1/4 /K and α (as discussed by Gielen et al. [13] ), where K is the critical splashing number. Figure 6a shows the experimental results by Gielen et al. [13] and figure 6b shows the simulation results. The transitions between these different impact phenomena (denoted by the black solid and dotted lines) can be explained by the scaling argument derived by Gielen et al. [13] . For completeness, we briefly repeat the argument here.
We assume that the mass flow into the crown is directly proportional to the mass flow into the pool [10] . Since the droplet impacts under an angle α, the leading side of the crown accumulates more mass than the trailing side. The mass balance of the crown reads [13] 
where the left-hand side represents the mass flow into the leading (+) and trailing (−) side of the crown, e D is the thickness of the crown at the pool surface, V is the ejection velocity of the crown and c is a fit parameter that accounts for the exact mass-flow distribution over the crown. To define the splashing threshold it is assumed that breakup of the crown occurs when the crown ejection velocity V , scaled by the Taylor-Culick velocity V TC ∼ σ ρ l e , exceeds a critical value of the splashing number K [10, 13] . By using e ∼ νD/U for the thickness of the crown at its base [8] , we find as splashing criterion of the crown [13] We 1/2 Re 1/4 K cos(α) 5/4 1 ± c tan(α) > 1.
The value of K is determined from a perpendicular impact event (α = 0) and used for all other impacts. In the simulation this leads to K ≈ 104 and K ≈ 130 for the experiment [13] . We note that the critical splashing number is dependent on the spatial and temporal resolution of the simulation, i.e. sensitive to under resolution, but has converged at the grid resolution used as described in section II. The fitting parameter c is set to c = 0.44, following Gielen et al. [13] .
The splashing criterion (5) predicts two transitions in the phase space: (i) a transition from deposition to singlesided splashing when the splashing criterion is met on a single side of the crown (the solid line in figure 6 ) and (ii) a transition from single-sided splashing to omni-directional splashing when the criterion is fulfilled on both sides of the crown (the dashed line in figure 6 ). We note that (5) is a geometric argument and merely gives a dimensionless scale for which we can expect breakup to happen based on the splashing criterion in the perpendicular case.
We find good quantitative agreement between the simulations, the experiments and the scaling model in all splashing regimes. The experiments show a zone where all three impact behaviours overlap for We 1/2 Re 1/4 K ≈ 1 and α < 20 • (see panel a) [13] which is absent in both the model and the simulations (panel b). This impact region is sensitive to small variations in the impact parameters in the experiment and the two-dimensional view makes it difficult to visually distinguish between different impact behaviours. The simulation provides full 3D insight in the impact dynamics and therefore allows for a better judgment on the splashing behaviour in this regime.
D. Cavity dynamics
We now turn to a quantitative analysis of the cavity dynamics. A schematic view of the cavity shape is given in figure 7 . We define the maximum cavity dimensions, similar to Gielen et al. [13] , by the maximum cavity depth h max , maximum cavity displacement d max and the maximum cavity angle α cm .
The cavity depth h as function of time t/t i is plotted in figure 8 for different Weber numbers and impact angles. It turns out that the cavity dynamics at early times (t/t i < 4) follows the same trend for all impact angles studied. This observation inspired us to describe the cavity depth evolution by a model that was previously derived for perpendicular impacts [65, 66] . Here, the cavity depth is modeled as a hemisphere where the unsteady Bernoulli equation together with a balance of stresses at the cavity interface is used to describe its evolution. In the limiting case of We 1 and Fr 1 the evolution of the cavity depth reads [65, 66] 
which has the solution h(t/t i )/D = c 1 (5t/t i − c 2 ) 2/5 ,
where c 1 = 0.47 and c 2 = 5.87 are constants determined by a least-square fit to the data with impact angles ≤ 30 • (i.e. nearly perpendicular) for 2 < t/t i < 15, which is the regime where the model applies. The model captures the simulation results with good accuracy for impact angles smaller than 30 • . When the impact angle is larger than 30 • the cavity can no longer be modeled as an expanding hemisphere. Instead, due to the large impact angle the cavity is stretched in the direction parallel to the pool surface, leading to a cone-shaped cavity. Indeed, in figure 4 we observe that for 40 • the streamlines start to deviate from the perpendicular impact case. As a result the cavity depth becomes smaller than the depth predicted by the hemispherical model, as is clear from figure 8. Figure 9 gives an overview of the cavity dimensions h max and d max as function of We , We ⊥ and α. In the top two panels we show a double-logarithmic plot of the maximum cavity depth h max (left) and the maximum cavity displacement d max (right) as function of respectively the perpendicular and parallel Weber number. The black open circles represent the experimental results by Gielen et al. [13] and the red closed triangles are the numerical results. The solid lines corresponds to a scaling argument that relates the kinetic energy of the droplet to the surface energy the cavity acquires, which leads to [13] h max D ∼ We 1/2 ,
E. Cavity dimensions
where it was assumed that α cm ≈ α. The simulation results are in agreement with the experimental data. The scaling argument confirms the trend for both the cavity depth and cavity displacement. There is however a large uncertainty for low Weber numbers in the experimental data for the cavity displacement, since in this regime the displacement is hard to measure [13] . Figure 9c shows a double-logarithmic plot of the maximum cavity angle α cm as function of the impact angle α. Similar to the experimental results, we observe that the maximum cavity angle increases linearly with increasing impact angle up to α ≈ 30 • . For larger impact angles, the cavity angle is smaller than the impact angle. This effect was also observed in the experiments by Gielen et al. [13] , and was attributed to energy dissipation by waves tangential to the surface.
IV. DISCUSSION & CONCLUSION
We presented a numerical study of oblique droplet impact onto a deep liquid pool by using the adaptive volumeof-fluid solver Basilisk. The splashing behaviour and cavity dynamics after impact were quantified as function the Weber number and the impact angle. The numerical results were compared to recent experimental work by Gielen et al. [13] . We found good qualitative and quantitative agreement between the numerical and experimental results on the dynamics of both the sheet above and the cavity below the pool surface for a broad range of Weber numbers and impact angles. In particular, the splashing threshold, the maximum cavity depth, maximum cavity displacement and cavity angle were found to be in good agreement with the experiments.
The spatial and temporal resolution of the simulations was chosen such that the sheet dynamics up to the moment of breakup and the cavity dynamics up to the moment the maximum cavity depth is reached are converged. These resolution parameters are bound by the time and computational resources available, which limited us to a maximum Weber number O(10 3 ). In the higher Weber number regime sharp interfaces and large velocity gradients dominate the dynamics. Insufficient resolution may therefore cause the sheet and cavity dynamics to be captured incorrectly.
To be able to increase the grid resolution while maintaining a reasonable computation time we imposed a symmetry condition in the y − z plane (see 1). We found that this symmetry condition improved the convergence of the overall sheet dynamics. This constraint however may restrict the Rayleigh-Taylor instability from developing correctly at the rim of the crown. For a detailed analysis of the fingering instability the constraint should therefore be released.
The numerical simulations provide a valuable addition to the experimental results, because they capture a fully 3D view of the impact phenomenon which allows for a better judgment on the single-sided and omni-directional splashing thresholds. In addition, the method provides access to velocity and pressure fields which are not available in the experiments and allow to obtain more insight into the cavity and ejecta-sheet dynamics. Moreover, the method can be used to explore impact parameters that are hard to reach experimentally, e.g. very large impact angles or high droplet velocities.
